A. Given the set of vectors, defined by V = {(x, y) ϵ R 2 | y = 2x + 1}.
1. Prove that V is not a vector space by using the definition of a vector space. In
particular, for each of the ten laws, either prove the law for space V or provide a
counterexample that disproves the law for space V.
 
2. State all conditions of a nontrivial subspace.
 
a. In part A1 you proved that V = {(x, y) ϵ R 2  | y = 2x + 1}, is not a vector space. In
this part of the task, let L = {(x, y) ϵ R 2  | y = mx + b, m is a non-zero real
number and b is any real number} be a subset of vectors from R 2 . 
Determine the conditions under which L is a nontrivial subspace of R^2.
Prove your subspace is nontrivial.

A. Given the set of vectors, defined by V = {(x, y) ϵ R2 | y = 2x + 1}.
A 1. According to law #4, vector space has an additive identity for example (0,0), but in the given set of vectors for V, does not contain (0,0).
0 = 2(0) +1
0 = 0 +1
0 = 1   Zero cannot equal one, therefore V is a not a vector space because it doesn’t contain the origin. 

A1.  Law 1 Counterexample:
Let M = (0,1) and N = (0,1). Both M and N belong to the given set because (0,1) satisfies the equation Y=2x+1. 
Y = 2x+1
1= 2(0)+1
1=1 – Satisfies
But M + N = (0,1) +(0,1) = (0,2)
(0,2) doesn’t satisfy the equation Y= 2x+1:
Y = 2x +1 
2 = 2(0) +1
2 = 1 – Does not satisfy
(0,2) doesn’t belong to the given set and therefore, disproves law 1 for space V. 

A1. Law 2:
Let the vectors X, Y and Z ϵ R2 be (x1, x2), (y1,y2) and (z1, z2) 
Where coordinates x1, x2, y1, y2 are real numbers.
Given y = 2x +1
((2(x1,x2)) + (y1,y2)) + (z1,z2) = 2X + (Y+ Z)   substitution of coordinate form for vector form
  = (2x1 + y1, 2x2 + y2) + (z1,z2)                 vector addition of coordinate form
    ((2x1 + y1) + z1, (2x2 + y2) + z2)              vector addition of coordinate form
    (2x1 + (y1 + z1), 2x2 + (y2 + z2))             real number associativity of addition
    (2x1, 2x2) + (y1 + z1,y2 + z2)                    vector addition of coordinate form
    (2x1, 2x2) + ((y1,y2) + (z1,z2))                 vector addition of coordinate form
= 2X + (Y+ Z)                                              substitution of vector form for coordinate form
Proof that the result of vector addition is not affected by the order of vectors. 

A1. Law 3: 
Let vectors X & Y in R2 be represented by X = (x1, x2) & Y= (y1, y2). 
Where x1, x2, y1, y2 are real numbers. 
X + Y = (x1, x2) + (y1,y2)     substitution of the coordinate form of vector form    
   y-2x = 1                              Moved X to left side of equation.
   (y1, y2) + (-2(x1,x2)) =  1     substitution of the coordinate form of vector form
   (-2(x1,x2)) + (y1, y2) = 1      switched order of X & Y to show same result.
   -2x + y = 1                         substitution of coordinate form for vector form
   X + Y = Y +X 
Proof that commutative law holds with y= 2x +1.

A1. Law 4 Counterexample:
Zero Vector (0,0)  Plug this into the given equation:
Y = 2x+1
0 = 2(0) +1
0 = 0 +1
0 = 1   -Doesn’t satisfy
Zero cannot equal one, therefore it doesn’t belong to the set and disproves law 4 for space V. 

A1. Law 5 Counterexample:  
Let X = (0,1) and –X = (0,-1)
(0,1) + (0,-1) = (0,0)
X= (0,0)
Y= 2x +1
0 = 2(0) +1
0 = 1 – doesn't satisfy
X = (0,1)  
Y = 2x +1                             
1 = 2(0) + 1                         
1 = 1   - Satisfies
–X = (0, -1)
Y= 2x +1
-1 = 2(0) +1
-1 = 1  - Doesn’t satisfy
-X = (0,-1) doesn’t satisfy the given equation and disproves law 5 for space V. 

A1. Law 6 Counterexample:  
Let X = (0,1) which belongs to the given set. 
Let 2X = (0,2)
Y= 2x +1
2 = 2(0)+1
     2 = 1   - Doesn’t satisfy
Two cannot equal one, therefore it doesn’t belong to the set and disproves law 6 for space V. 


A1. Law 7: 
(rs)X = r(sX) 
Let r = any real scalar and s= any real scalar.
Given y = 2x +1 
Vectors X in R2 is shown as X = (x1, x2)
(rs) 2X = (rs) (2x1, 2x2)      substitution of the coordinate form of vector form
((rs) 2x1, (rs) 2x2)                   scalar multiplication of coordinate form
(r(2sx1), r (2sx2))                  real number associativity of addition or multiplication
r (2sx1, 2sx2)                        scalar multiplication of coordinate form
r (s(2x1, 2x2))                        scalar multiplication of coordinate form
r (s2x)                                   scalar substitution of coordinate form for vector form
(rs) 2x = r (2sx)

Let r = 2 and s =3 then,
2*3(2(x1, x2)) = 6(2(x1,x2))     scalar multiplication of coordinate form
= 6(2x1, 2x2)                          Distribution of inside parenthesis
= (12x1, 12x2)                        scalar multiplication of coordinate form
(2*3) 2x = 2 (3(2x)
12x = 12x 
Proof for V under law 7 Associativity of Scalar Multiplication.

A1. Law 8: r(X + Y) = rX + rY 
Given y = 2x +1
Vectors X & Y in R2 shown as X = (x1, x2) and  Y= (y1, y2).
r (2(x1, x2)) + r(y1, y2)         substitution of vector form for coordinate form
r (2x1, 2x2) + r (y1, y2)        distribute 2 in first parenthesis
r (2x1 + y1, 2x2 + y2)           vector addition of coordinate form
(2rx1 +ry1),  (2rx2 + ry2))   scalar multiplication of coordinate form
(2rx1 + ry1, 2rx2 + ry2)       distributive property of real number multiplication over real number addition
(2rx1, 2rx2) + (ry1, ry2)      vector addition of coordinate form
r (2x1, 2x2) + r (y1, y2)       scalar multiplication of coordinate form
 (2rx1, 2rx1) + (ry1, ry2) = (2rx1 + ry1, 2rx2 + ry2)   
2rX + rY                               substitution of coordinate form for vector form
r(X + Y) = rX + rY   works for given y=2x+1
Proof for V under law 8 Distributive Property of Vector Sums.

A1. Law 9: (r + s)X = rX + sX 
Let r = any real scalar, and s = any real scalar
Given y = 2x +1
Vectors X in R2 shown as X = (x1, x2) 

(r+s) 2X = (r+s)(2(x1, x2))       substitution of the coordinate form of vector form
{(r+s)(2(x1)), (r+s)(2(x2)}      scalar multiplication of coordinate form
(2rx1 + 2sx1, 2rx2+ 2sx2)     distributive property of real number multiplication over real number addition
(2rx1, 2rx2) + (2sx1, 2sx2)      vector addition of coordinate form
r (2x1, 2x2) + s (2x1, 2x2)       scalar multiplication of coordinate form
2rX + 2sX                                 substitution of coordinate form for vector form
(r + s) 2X = 2rX + 2sX
Proof for V under law 9 Distributivity of scalar sums. 

A1. Law 10: 1X = X
Given y = 2x +1
Vectors X in R2 shown as X = (x1, x2)
1X = X
1(2x) = 2X
1 (2x) = 1 (2(x1, x2))            substitution of vector form for coordinate form
        = 1 (2x1, 2x2)               distribute inside parenthesis
       = (2x1, 2x2)                   scalar multiplication of coordinate form
(2x1, 2x2)                              identity property of real number addition or multiplication
2x                                          substitution of coordinate form for vector form
1(2X) = 2X
Proof for V under law 10 Scalar multiplication identity.


A2. State all conditions of a nontrivial subspace.  
a.        
Given: L = {(x,y) ∈ R2 | y = mx +b
m is any non-zero real number and b is any real number 
taking m = 1 and b= 0
then y = 2x
prove L is nontrivial subset 
     when x | y
              0 | 0
              2 | 4
              3 | 6
              1 | 2
             -1| -2

When m = 1 and b=0 then the above are some of the vectors in the subset L.  
Is L a Subset of R2 
∀x∈L ⇒ x∈ R2  and therefore L is a subset of R2 
For L to be a subspace we must check:
1) {0} exists
2) closed under addition
3) closed under scalar multiplication
 
1) (0,0) from the above vectors then (0,0) ∈ L
 Y= 2x
0 = 2(0)
0 = 0

2) Closure under addition 
Consider (1,2) and (2,4) ∈ L
     then (1,2) + (2,4) ∈ L
               (3,6) ∈ L
Y = 2x
6 = 2(3)
6 = 6
Proven true. 

3) Closure under scalar multiplication  
Consider (1,2) and a scalar r= 2
     then  r (1,2) = 2 (1,2) = (2,4) ∈ L 
Y= 2x
4 = 2(2)
4 = 4
Proven true. 
Since the three conditions are satisfied then L is a non-trivial subspace of R2.


Evaluators Comments:

This submission contains some accurate work referring to the existence of the zero vector in part A2 and the fact the zero vector does not exist for the subset in part A1. The work in part A1 contains incorrect statements regarding the coordinates of the vectors, not all conditions of a non-trivial subspace are stated in part A2 and the proofs which are provided do not refer to a general vector within the subset, L.

A1: 
A counterexample is provided which demonstrates that V is not a vector space and the work for law 4 is complete. While work is then provided in an attempt to either prove, or disprove laws 1-3, 5 - 10, the steps are not all correct and some incorrect statements are made. For example, the work presented for law 1 does not clearly identify what is being disproven. The work for law 2 incorrectly refers to 2X and law 3 does not accurately substitute the coordinate form of the vector. Several other errors occur throughout the work and it is not made clear that a distinction between coordinates, a vector and the definition of the subset V has been made.

A2: 
Acceptable values for 'm' and 'b' are chosen and the conditions of a subspace are provided. It is not evident that the non-trivial conditions have been identified.

A2 a. 
It is correctly shown that the zero vector belongs in the set L. The work to verify the closure properties refers only to specific vectors and it is not evident that proofs are provided to verify all vectors within the set L satisfy the conditions of a non-trivial subspace.
